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Based on the slender-body theory, the governing equations for the mechanical interaction
of one settling fiber with two fixed fibers in fiber suspensions were derived and solved
numerically. In order to validate the model and method used in the paper, the interactions
of two contact fibers were simulated and the results are in good accordance with the
experiments. The results of three interacting fibers show that the initial contact point and
the initial orientation angle of settling fiber have a significant effect, however, the angle
between two fixed fibers has an insignificant effect, and the initial angular velocity of
settling fiber has no effect on the interaction process of fibers. The settling fiber aspect ratio
is not an independent parameter involving in the interaction between the fibers. The
interaction duration increases as the fiber aspect ratio increases, however, the effect caused
by reducing the diameter is more significant than that caused by increasing the length. The
interaction duration is directly proportional to the solvent viscosity and verse directly to the
fiber specific weight remarkably. Finally, a synthetic parameter A which contains the
quantities affecting the interaction duration is derived to uniquely describe the total
duration of interaction of the fibers. © 2005 Springer Science + Business Media, Inc.
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axial acceleration of the contact point (m s~2)
transverse acceleration of the contact point
(ms™?)

relative acceleration of the center to the
contact point, equals to as(m s~2)

synthetic parameter

line density of the Stokes force acting on the
fluid by a fiber (kg s72)

contact force (N)

normal component of contact force (N)
tangential component of contact force (N)
tangential component of the Stokes force (N)
normal component of the Stokes force (N)
difference of gravitation and buoyancy (N)
moment of inertia about the fiber center

(kg m?)

half length of fiber (m)

length of fiber (m)

characteristic length of fiber (m)

torque acting on the fiber (kg m? s~2)

mass of fiber (kg)

a unit vector normal to fibers

orientation of fiber, a unit vector
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component of p, equals to cos 6

radius of fiber (m)

radius at the fiber center (m)

radius of fiber at position s (m)
characteristic radius of fiber (m)

distance from any position to the center of
settling fiber (m)

dimensionless form of s, s* = s/1
distance from the center of settling fiber to
the contact point (m)

position of contact point (m)

position of initial contact point (m)
velocity at contact point (m s~ ')
translational velocity of the fiber (m s7h
induced velocity by fixed fiber (m s~!)
undisturbed velocity at x (m s™')

vector of position (m)

position of fiber center (m)

Kronecker operator

a quantity equals to [log(2l/R,)]™!
coefficient of drag

angle between fiber axis and horizontal (o)
angular velocity of settling fiber (o s~1)
angular acceleration of settling fiber (0 s~2)
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6o initial angle between fiber axis and
horizontal (0)

uw solvent dynamic viscosity (kg m~! s™1)

p solvent kinematic viscosity (m? s~!)

Vo characteristic solvent viscosity (m? s~!)

0 fiber specific weight (kg m™)

00 characteristic fiber specific weight (kg m~3)

© fiber aspect ratio

Q vector of angular velocity of fiber (0 s~1)

Subscript

c contact point

1 fiber 1

2 fiber 2

3 fiber 3

1. Introduction

The investigation of fiber suspension has attracted con-
siderable attention due to their numerous industrial and
practical applications. In the material science, the be-
havior of short fibers immersed in a viscous fluid is
an important problem in the processing of composite
materials. The strength and stiffness of composite ma-
terial depend on the orientation of fiber. When fiber
concentration is high enough, the interactions between
fibers have a significant effect on the microstructure of
a suspension, and hence on its macroscopic properties
such as enhancement of effective viscosity, finite nor-
mal stress differences [2], yield stress [3], rod climbing
[4] and shear thinning.

One of the important interactions of fibers is
mechanical contact between fibers. There are some
studies devoted to this topic. Andersson and Rasmuson
[5] investigated experimentally the friction of pulp
and synthetic fibers in both air and water, and found
that the sliding fiber alternately sticks and slides as
it was pulled upward. Modifications of the classical,
single-parameter law relating frictional resistance to
normal force were given to improve agreement with
experimental results. Stick-slide behavior and devia-
tions from classical friction laws were also found by

Lee [6] in measurements of interfacial shear strength
of 25-35 um diameter silica fibers. Zeng et al. [7]
determined the friction coefficient governing contact
between a sedimenting sphere and a neutrally buoyant
sphere. Petrich and Koch [8] studied the nature of the
forces involved in mechanical contact between fibers
in a fluid and the interaction between a polymeric
fiber settling under the influence of gravity and a fixed
strand of the same material, and the static coefficient
of friction was found to be 0.38 = 0.06. Chaouche
and Koch [9] examined the influence of adhesive
contacts between fibers on rheology of suspension.
Lin et al. [10] constructed a mathematical model
for the mechanical interactions between two contact
fibers, based on which numerical simulations were
performed. The results show that settling fiber begins to
slide at earlier time and the entire interaction duration
diminishes as the initial position of the contact point,
the initial orientation of fiber and the fiber specific
weight increase or the solvent viscosity decreases.

Related to the interactions of fibers, the process and
duration of interactions are crucial. Therefore, it is nec-
essary to investigate the factors affecting the process
and duration of interactions. The factors include the
initial contact point, initial orientation and angular ve-
locity of settling fiber, the fiber aspect ratio and specific
weight, the solvent viscosity. Itis especially meaningful
to generalize a synthetic parameter to describe the total
interaction duration of the fibers. In spite of the experi-
mental and theoretical results for the interaction of two
fibers, the interactions of three fibers are still not well
understood and have not been reported yet. The aim of
this study is to derive a set of governing equations for
the mechanical interaction of three contact fibers, shed
light on the effects of factors mentioned above on the
interactions of the fibers, and generalize a synthetic pa-
rameter to describe the interaction duration of the fibers
by performing numerical simulations.

2. Governing equation

There are many situations for three contact fibers. The
situation studied in this paper is shown in Fig. 1. Fiber
2 and fiber 3 are horizontally fixed and fiber 1 falls
from a very short distance above the fixed fibers. The

Figure 1 Sketch of three contact fibers.
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track of settling fiber can be represented by the evo-
lution of P, and S.. The orientation of settling fiber
is denoted by the unit vector p. After contacting, the
settling fiber pivots about the initial contact point. The
fiber rotates in this manner until the tangential compo-
nent of the gravitational force overcame static friction,
so that the fiber starts to slide along the fixed fiber while
rotating.

The Reynolds number for the motion of settling fiber
is very small (less than 1 x 1073). Therefore, the in-
ertial can be neglected and the forces imposed on the
settling fiber are assumed to be gravity, hydrodynamic
drag, long-range disturbance force caused by the fixed
fibers, and contact force F. which prevents the fibers
from penetrating each other and provides a frictional
resistance to the sliding motion.

Based on the slender-body theory [11], the velocity
at the surface of a fiber is the superposition of the fluid’s
undisturbed velocity and the disturbed velocity due to
the presence of other fibers. Thus, for an isolated fiber,
we have [12]:

v, + Q x Is*p]
= Vjnduce(Xo + IS*P) + 'UOO(XO +Is % p)

L (15 6+ pp) - Flis™)
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where the dot operator stands for the scalar
product, the square bracket [ ] is a vector-vector
function.

The line density of the Stokes force acting on the fluid
by the fiber, F(s*), can be then solved from Equation 1.
However, the presence of the horizontally fixed fibers
will give rise to additional disturbed velocity, hence
we need to combine the integral equations of the three
fibers as follows:
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where H is a tensor function:

H 1 é xx
0= (i 5)

After taking discretion to Equation 2 by Gauss-
Legendre integral formulation, we obtain a set of lin-
ear algebra equations for the densities of the Stokes
force on all Gauss points. By integrating these discrete
forces, the resultant Stokes force as well as a torque
about the center can be obtained. We focus on the mo-
tion of the settling fiber, so the resultant force exerted
on the settling fiber can be decomposed into a tangential
component F, and a normal component F.

The settling fiber experiences two different stages
after touching the fixed fibers. Firstly, it only pivots
about the fixed fiber and secondly, it slides along the
fixed fiber while rotating about it.

Fig. 2 shows the motion of the settling fiber and all
forces on it in the first stage. Fy, F, and M can be
obtained through Gauss numerical integration method
demonstrated above.

The dynamic equations of the settling fiber area:

Gsin6 + F, — F, = —mb%s
Gcost) — Fy — F, = mbs 3)
M+ F,s =10
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Figure 2 The motion of fiber and forces acting on the fiber in the first
stage.

where I = mR?/4 4+ mi*/3. Solving Equation 3, we
have

b =(Gcosb-s+ M — Fys)/(I +ms?)
(ms-M — mFysz)
I + ms?

1
E1 =Gcos@m— y

F, = Gsin® + mb>s + F,
4)

In Equation 4 we can judge whether the settling fiber
will begin to slide from the values of F, and F;.

Figs 3 and 4 show the settling fiber motion condition
in the second stage and all forces on the fiber, respec-
tively. The fiber dynamic equations are as follows:

Gsin6 + F, — F, = m(a, — 6%s)
GcosG—Fy—Fn:m(an—l-é's) 5
M + F,s = 10

There are five variables but only three equations in
Equation 5. We need two additional equations, one of

Figure 4 The forces on the settling fiber in the second stage.
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Figure 5 The variation of settling fiber velocity at contact point c.

which is the frictional equation [10]:
F,=pF,+ Fy+nv (6)

The third term on the right hand of Equation 6 is ad-
ditional drag, which accounts for the finite transverse
dimension of the fiber and lubrication interactions be-
tween fibers. The coefficient 7 is 3.0 x 10™* in this
paper based on the experimental results [8]. Another
additional equation can be obtained by analyzing the
variation of fiber velocity at contact point ¢ during a
very small time step d¢. From Fig. 5 we can get an ap-
proximate formulation for its transverse acceleration:

ay = v (7

Combining Equations 5-7, we can determine # and

0 = (G cos® —mbuv — Fy+M/s)/(I/s + ms)
a; = (Gsin@ + F, + mb%s — w16 — M)/s
—Fo —nu)/m

)

Once the initial contact position and angular veloc-
ity of the settling fiber are given, we can determine the
settling fiber motion at any time, including its velocity
and displacement. In order to validate the model and
method used in the paper, the interactions of two con-
tact fibers were simulated and compared with the ex-
periments. Fig. 6 shows the results, in which the solid
lines represent the numerical results and the symbols
o(Py) and x(S,) represent the experimental results [8].
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Figure 6 Comparison of the calculated results with the experiment ones

[8].



The fiber used in the experiments is cellulose acetate
propionate with the length of 3 mm and the diameter of
80 pm and the density of 1.222 x 103 kg/m3. The fluid
is silicon oil with the viscosity of 20 ¢St and the density
of 0.95 x 103 kg/m>. We can see that both results are
agreeable.

3. Results and discussions
3.1. Effect of initial contact point on the
process of interaction
Fig. 7a depicts the variation of position of contact point
with time at different initial contact points Sy. Table I
lists the time when settling fiber starts sliding along and
departs the fixed fiber at different initial contact points
So, respectively. We see that the settling fiber begins to
slide at earlier time and the interaction duration between
settling fiber and fixed fiber decreases as Sy increases.
Fig. 7b shows that the angle between settling fiber axis
and horizontal (P, = cos8) turns large quickly for the
situations with large Sp.

3.2. Effect of initial orientation of settling
fiber on the process of interaction

For different initial angles 6y between settling fiber
axis and horizontal, the position of contact point and
angle between settling fiber axis and horizontal at
different time are shown in Fig. 8. The time when
settling fiber starts sliding along and departs the fixed
fiber at different initial orientation 0y of settling fiber is
listed in Table II. From the figure and table it is found
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TABLE I The time when settling fiber starts sliding along and departs
the fixed fiber at different Sy

So (mm) 0.057 0.10/ 0.157 020/ 0251 0.30!

5.37
19.64

4.3
17.37

Time of start sliding (s) 21.5 10.75 7.16
Time of departing fixed 44.43 29.15 23.07
fiber (s)

4.59
15.72

TABLE II Thetime when settling fiber starts sliding along and departs
the fixed fiber at different 6y

0o (0) 0 10 15 20 25 30
Time of start sliding (s) 537 2.62 121 0 0 0
Time of departing fixed 19.64 16.89 1548 14.05 12.74 12.60

fiber (s)

that the interaction duration between settling fiber and
fixed fiber becomes short with increasing of initial
angles between two kinds of fibers. When the initial
angles are within 15°-20°, the settling fiber does not
pivot about the fixed fiber, while sliding along and
rotating the fixed fiber directly.

3.3. Effect of angle between two fixed fibers
on the process of interaction
Fig. 9 shows the position of contact point and angle be-
tween settling fiber axis and horizontal at different time
for different angle ¢ between two fixed fibers. Table I1I
gives the time when settling fiber starts sliding along
and departs the fixed fiber at different ¢, respectively. It
can be seen that ¢ has an infinitesimal effect on the Sy

Px

5

Figure 7 The results for the different initial contact points of fibers (the unit of Sy is mm).
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Figure 8 The results for different initial orientation of settling fiber (the unit of 6y is o).
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Figure 9 The results for different angle ¢ (the unit of ¢ is o).

and P, when ¢ is less than 30°. When ¢ is larger than
30°, the settling fiber begins to slide at later time and
the interaction duration between settling fiber and fixed
fiber increases as ¢ increases. There exists a minimum,
which is around 20°, for the time when the settling fiber
departs from the fixed fiber. As for the time when the
settling fiber starts sliding, the values change a little
when ¢ is less than 30° and increase obviously when ¢
is larger than 30°.

3.4. Effect of initial angular velocity

of settling fiber on the process

of interaction
We perform computation with eight different initial an-
gular velocities of settling fiber (i.e. 0, 3, 5, 10, 20, 30,
40,50 °/s) , the eight curves overlap as shown in Fig. 10.
It indicates that the initial angular velocity of settling
fiber has no effect on the position of contact point and
the angle between settling fiber axis and horizontal.

3.5. Effect of fiber aspect ratio on the
process of interaction

Different fiber aspect ratios ¢ = [/R can be deter-
mined by changing the fiber diameter or length. The
results obtained by changing fiber length at the fixed
radius R = 40 pum are depicted in Fig. 11 and those ob-
tained by varying the fiber diameter at the fixed length
2] = 3 mm are shown in Fig. 12. Table IV lists the
angles between the settling fiber and fixed fiber when
the settling fiber departs the fixed fiber and the time
when the settling fiber starts sliding along and departs
the fixed fiber at different fiber aspect ratio, in which ¢,

TABLE III The time when settling fiber starts sliding along and de-
parts the fixed fiber at different ¢

¢ (0) 3 5 10 15 18 20

Time of start sliding (s) 5.34 535 537 536 536 537

Time of departing fixed 19.75 19.70 19.64 19.56 19.54 19.53
fiber (s)
¢(0) 25 30 45 50 55 60

Time of start sliding (s) 5.38 539 547 551 556 5.63
Time of departing fixed 19.54 19.57 19.80 19.95 20.17 20.48
fiber (s)

0.1

2 4 6 8 10 12 14 16 18 20§

Figure 10 The results for different initial angular velocity of settling
fiber.

and ¢, represent aspect ratio when changing the fiber
length or diameter, respectively.

We can see that the time when the settling fiber starts
sliding and departs the fixed fiber delays, i.e. the in-
teraction duration increases, as the fiber aspect ratio
increases, no matter whether it is caused by increasing
the length or by decreasing the diameter. Nevertheless,
the effect caused by varying the diameter is more sig-
nificant and the delay rate seems higher at a higher
aspect ratio, whereas it seems higher at a lower aspect
ratio in case of varying the length. Therefore, the fiber
aspect ratio ¢ is not an independent parameter for the
interaction process.

TABLE IV Thetime and angle when settling fiber starts sliding along
and departs the fixed fiber at different ¢

o 30 35 40 45 50 55 60

Time of start 461 515 560 6.04 649 694 737
sliding (s)

Time of departing 17.68 19.18 20.09 20.99 21.85 22.70 23.52
fixed fiber (s)

Angle of departing 82.49 82.03 81.40 80.79 80.21 79.68 79.20
fixed fiber (°)

©r 30 35 40 45 50 55 60

Time of start 369 480 596 725 8.66 10.18 11.80
sliding (s)

Time of departing 12.64 17.31 22.11 27.50 33.44 39.94 46.98

fixed fiber (s)
Angle of departing 80.46 81.43 81.96 82.34 82.65 8291 83.13
fixed fiber (°)
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Figure 11 Results for different fiber aspect ratios by changing the fiber length only.
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Figure 12 Results for different fiber aspect ratios by changing the fiber diameter only.

3.6. Effect of solvent viscosity on the
interaction process

The results for different solvent viscosities are shown
in Fig. 13, in which it can be seen that the settling fiber
begins to slide at later time and the interaction dura-
tion between settling fiber and fixed fiber increases as
the solvent viscosity increases. This is originated from
the fact that the increase of solvent viscosity results in
the enhancement of viscous drag. The delay time that
the settling fiber starts sliding along the fixed fiber and
the increase of interaction duration at different solvent
viscosity are listed in Table V, in which we can see that
for a definite increment of solvent viscosity (5 cSt), the
delay time that the settling fiber starts sliding along the

Sc
1.0

0.9t

0.8

0.7

0.6

0.5¢

04}

0.3}

0.2 .
0

5 10 3S

Figure 13 Results for different solvent viscosities (the unit of v is ¢St (107°

fixed fiber is same (1.342 s), and the increase of in-
teraction duration is almost same (around 2.46 s). So
the interaction duration is directly proportional to the
solvent viscosity.

TABLE V The delay time that settling fiber starts sliding and the
increase of interaction duration at different solvent viscosity v

v (cSt) 20-25 25-30 30-35 3540 40-45

Delay time of start 1342 1.342 1342 1342 1.342
sliding (s)

Increase time of 2.47 2.46 2.46 2.45 2.45

interaction duration (s)

m2s~1)).
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Figure 14 Results for different fiber specific weight (the unit of p is 10> kg/m? ).

3.7. Effect of fiber specific weight on the
interaction process

Changing the fiber specific weight, we have the position
of contact point and angle between settling fiber axis
and horizontal at different time as shown in Fig. 14.
Table VI lists the time when settling fiber starts slid-
ing along and departs the fixed fiber at different fiber
specific weight, respectively. It shows that the settling
fiber begins to slide earlier and departs from the fixed
fiber earlier remarkably as the fiber specific weight
increases.

3.8. The synthetic parameter related
to the fiber and the fluid
We have discussed the effects of initial contact point,
initial orientation of settling fiber, angle between two
fixed fibers, initial angular velocity of settling fiber,
fiber aspect ratio, solvent viscosity and fiber specific
weight on the interaction process. It is necessary to
derive a synthetic parameter A which contains these
quantities, allowing the total duration of interaction be-
tween the fibers to be expressed as T = g(A). The
mwtheorem is used to derive the parameter A in the pa-
per. We take the characteristic quantities which were
used in the experiments by Petrich and Koch [8]: half
fiber length /[y = 1.5 mm, radius Ry = 40 pum, spe-
cific weight pg = 1.222 x 10° kg/m?, solvent viscosity
vo = 20 ¢St, initial contact point Sy = 0.05, initial ori-
entation of settling fiber 6, = 10° and angle between
two fixed fibers ¢9 = 20°. Non-dimensionlizing I, R,
0, v, So, By and ¢ by the characteristic quantities, we
have I’ = [/ly, R = R/Ry, p' = p/po, vV = v/vg,
0 = S¢/S0, 0y = 0/ and ¢’ = ¢/¢o as shown in
Tables VII-XIII.
From Table VII, we can see that the time when set-
tling fiber starts sliding along and departs the fixed fiber

TABLE VI The time when settling fiber starts sliding along and de-
parts the fixed fiber at fiber specific weight p

0(10° kg/m?) .05 1.10 1.15 120 125 130 1.35

changes linearly with v’. Therefore, we assume

v/l/a¢/g

= R/ﬁp/y S(/)SQ(;A ©)

Similarly we can calculate the undetermined con-
stant o, B, v, 8, A, ¢ from Tables VIII-XIII by using =
theorem. Finally we have

U/l/0‘701 (10)
= 10.27 /1.355
R/3.21p/8.87 SO 90 ¢/0.005
TABLE VIIA The case of different solvent viscosity v’
v 1.00 125 15 175 2.00 225

Time of start sliding (s) 5.369 6.711 8.053 9.395 10.737 12.079

Time of departing 19.67 22.14 24.60 27.06 29.51 31.86
fixed fiber (s)

TABLE VIIB The case of different Av’

AV 1.0-1.25 1.25-1.5 1.5-1.75 1.75-2.0 2.0-2.25

Delay time of 1.342 1342 1.342 1342 1342

start sliding (s)

Increase time of 2.47 2.46 2.46 2.45 2.45

interaction duration (s)

TABLE VIII The case of different angle between two fixed fibers ¢’

¢ 0.15 025 05 075 1 1.25

Time of departing fixed fiber (s) 19.75 19.70 19.64 19.56 19.53 19.54
¢’ 1.5 225 25 275 3
Time of departing fixed fiber (s) 19.57 19.80 19.95 20.17 20.48

TABLE IX The case of different initial contact point S,

S5 1 2 3 4 5 6

Time of departing fixed fiber (s) 44.43 29.15 23.07 19.64 17.37 15.72

TABLE X The case of different initial orientation of settling fiber 6,

Time of start sliding (s) 14.60 9.74 7.30 5.84 487 4.17 3.65
Time of departing 53.42 35.62 26.70 21.37 17.81 15.26 13.35
fixed fiber (s)

0% 0 1 1.5 20 25 30

Time of departing fixed fiber (s) 19.64 16.89 15.48 14.05 12.74 11.60
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TABLE XI The case of different fiber specific weight p’

o’ 0.8592 0.9002

0.9411

0.9820 1.0229 1.0638 1.1047

Time of departing fixed fiber (s) 53.42 35.61

26.70 21.37 17.81 15.26 13.35

TABLE XII The case of different half fiber length [’

14 0.8 0933 1.067 1.2 1333 1.467 1.6

Time of start 461 515 560 604 649 694 737
sliding (s)
Time of departing 17.68 19.18 20.09 20.99 21.85 22.70 23.53

fixed fiber (s)

TABLE XIII The case of different fiber radius R’

R 1.25 1.0714 0.9375 0.8333 0.75 0.6818 0.6250

Time of start 3.69 480 596 725 8.6610.18 11.80
sliding (s)
Time of departing 12.64 17.31 22.11 27.50 33.44 39.94 46.98

fixed fiber (s)

From Equation 10, we can see that the fiber specific
weight has the largest, while angle between two fixed
fibers has the least effect on the interaction between the
fibers.

4. Conclusions

The governing equations for the mechanical interac-
tions of three contact fibers in fiber suspensions were
solved numerically. The following conclusions can be
drawn:

(1) The settling fiber begins to slide at earlier time and
the interaction duration between settling fiber and fixed
fiber decreases as Sy increases. The angle between set-
tling fiber axis and horizontal becomes large quickly for
the situations with large Sy. The interaction duration be-
tween settling fiber and fixed fiber becomes short with
increasing of initial angles between two kinds of fibers.
When the initial angles are great 15°-20°, the settling
fiber does not pivot about the fixed fiber, while sliding
along and rotating the fixed fiber directly. The initial
contact point and the initial orientation angle have sig-
nificant effects on the interaction process of fibers.

(2) The angle ¢ between two fixed fibers has an in-
significant effect on the process of interaction. When
¢ is around 20°, the time when the settling fiber de-
parts from the fixed fiber is the shortest. As ¢ is larger
than 30° , the time when the settling fiber starts slid-
ing increases obviously. The initial angular velocity
of settling fiber has no effect on the position of con-

tact point and the angle between settling fiber axis and
horizontal.

(3) The fiber aspect ratio ¢ is not an independent pa-
rameter involving in the interaction between the fibers.
The interaction duration increases as the fiber aspect
ratio increases, however, the effect caused by reduc-
ing the diameter is more significant than that caused by
increasing the length.

(4) The interaction duration is directly proportional
to the solvent viscosity and verse directly to the fiber
specific weight remarkably.

(5) A synthetic parameter A which contains the quan-
tities affecting the interaction duration is derived to
uniquely describe the total duration of interaction be-
tween the fibers. The formulation of A shows that the
fiber specific weight has the most important, while an-
gle between two fixed fibers has the least effect on the
interaction between the fibers.
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